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ABSTRACT. In this paper equilibrium states on shift spaces are considered.
A uniqueness theorem for equilibrium states is proved. Then we study a
particular class of continuous functions. We characterize the functions of this
class which satisfy Ruelle’s Perron-Frobenius condition, those which admit a
measure determined by a homogeneity condition, and those which have
unique equilibrium state. In particular, we get examples for the nonunique-
ness of the equilibrium state.

0. Introduction. In [7] Walters proved a very general variational principle for
dynamical systems. He considered a compact metric space X and a continuous
map T: X = X. C(X) denotes the Banach space of all real-valued continuous
functions on X. The pressure is defined as real-valued function P on C(X) (see
§1 of [7]). Walters showed that P(p) = sup, e, (x) (1, (T) + ile)), where
M(X ) denotes the collection of all T-invariant probability measures on X and
h,(T) the entropy of p with respect to T. A p such that h,(T') + u(p) attains
its supremum is called equilibrium state. Walters based himself on a paper by
Ruelle.[6], who considered a Z" action on a compact metric space and proved
a variational principle, when the action is expansive and satisfies the specifica-
tion condition.

Intrinsically ergodic dynamical systems, i.e. those having a unique measure
maximizing entropy, have been thoroughly investigated (see e.g. [9]). A more
general question is to find dynamical systems (X, T') and functions ¢ € C(X)
admitting a unique equilibrium state.

Bowen [1] considers one-sided subshifts 2;’ of finite type and the set
9, C C(Z}) of those functions which are Holder continuous with respect to
a certain metric on 2 . For each q> € C(Z]) he defines the operator £, on
C(EP) by L f(x) = 3 eomiy ¢?)f(y) and shows that, if p € &, e, satisfies
the Ruelle-Perron Frobenius (RPF) condition, i.e. there are 2\ >0,h
€ C(Z}) with 2 >0 and » € M(Z]), the set of all Borel probability
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224 FRANZ HOFBAUER

measures, for which £,k = Ak, £5» = Av, (k) = 1 and X"£7'f converges
uniformly to »(f)h for every f € C(Z}) [1, Theorem 1.7]. By thls condition
A, » and h are uniquely determined. Furthermore A = e @ and the RPF-
measure p. defined by p(f) = »(hf) is shift invariant.

From the above properties of » and # Bowen deduces for ¢ € &, that p
satisfies a homogeneity condition, i.e. there are ¢;, ¢, > 0 and P such that

< plolxoxy -+ Xy
exp(—Pm + 2k=0 " Ca x))

for every x € =7 and every m > 0[1, Theorem 1.16]. By this condition P and
p are uniquely determined and P = P(p). The measure p will be called
homogeneous.

Bowen then shows that the homogeneous measure is an equilibrium state for
¢ € F, and that this equilibrium state is unique [1, Theorem 1.22].

The purpose of this paper is to consider these problems for functions which
are not Holder continuous. In §1 we bring the definitions and prove that every
continuous function for which the RPF-condition is valid has a unique
equilibrium state. This follows immediately from the methods deduced in the
papers of Walters [8] and Ledrappier [5] and generalizes Bowen’s result in [1].

The remainder of the paper deals with a particular class of functions, which
were studied earlier in statistical mechanics. The corresponding situation there
is called the Fisher model (see [4] and [2]). In §2 of this paper we characterize
the functions of this class which satisfy the RPF-condition, in §3 those which
admit a homogeneous measure, and in §§4 and 5 those which have unique
equilibrium state. In particular, §4 gives examples for the nonuniqueness of
the equilibrium state. §5 also contains a summary of these results.

1. Let =} denote a subshift of =7 = I3’ {1,2,...,n} of finite type and o

the one-sided shift on it. M (2};) denotes the collection of all Borel probability
measures of =} and M,(Z]) the collection of all o-invariant ones. For each
¢ € C(Z]), the Banach space of all real-valued continuous functions with
supremum norm |||, we define the operator £, on C(=}) by

B f(x) = 3 e"f(y).

y€alx

Set S, ¢(x) = 3, ! p(o'x). Then
£pf(x) =1602-'" exp(S, 9()) S ()-

We shall say that ¢ satisfies the RPF-condition if there are A > 0, h
€ C(Z}) with h > 0 and » € M(Z}) for which Loh = Ah, B;v = v, v(h)
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= 1 and [X™e7'f = »(f)hl| = 0 for all f € C(Z}). The measure p defined
by u(f) = v(hf ) will be called RPF-measure. Define the pressure P: C(Z})
— R U {+co} by

1
P(p) = lim— log Ex sup exp S, ¢()),
m—1
where the supremum is taken over all y € ([xy---x,_;] ={y € =}: 5
=x,0<i<m—1}.Thenp € M, (E ) is called an equilibrium state for ¢
if P((p) = h, + p(p), where h, denotes the entropy of p relative to ¢ and

We) = § pdu.
As an easy consequence of Walters’ paper [8] we have

(1.1) THEOREM. Let ¢ satisfy the RPF-condition. Then p. = vh is the unique
equilibrium state for ¢.

PROOF. Set § = ¢ + logh — logh o ¢ — logA. By Lemma 1.1 of [8] ¢ and
P have the same equilibrium states. We write £ for £, and g for £_. P satisfies
the RPF-condition with 7 = p, s = 1 and A = 1 as the following calculation
shows:

- ol 1 _ 1 1 -
Fl(x) jeg—lg ¢ Ah(j)h(z) A h().f)eh(z) !
Hence £1 = 1.
E*u(f) = p@f) = vaX'h7'eRf) = Xu(ehf)
= v(hf) = u(f).
Hence 2*p = p.

—m . 1 _ m
B = S S h) Wy @ = &

YEoT"X
= b7 (k)b = p(f).

Hence " f — pu(f) uniformly.

P satisfies the requirement 3 . -1, ¥ = 1. Therefore, for m € M =),
the followmg are equivalent (see Theorem 2.1 of [8])

) E*m=m.

(ii) m € M,(Z}) and m is an equlhbnum state for .
Now if p is the RPF-measure vh, we have 2* p = p. Hence p is an equilibrium
state for @ and, hence, for ¢.

On the other hand, if p is an equilibrium state for g, it is one for , hence
g* p = p. As g satisfies the RPF-condition and the RPF-measure is uniquely
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determined by this condition, the theorem is proved.

2. Throughout the remainder of this paper we shalldeal with particular func-
tions, which we define now. Set My = =7\([l]and M, = {x € =} : x, =1
for0 < i< k—1,x, # l}fork = 1,2,.... Then the sets M, together with
the point {11---} form a partition of E: . Let (a;) be a sequence of real
numbers with lima, = 0. Sets, = ay+ -+ + a,. Define g € C(E;) by

2.1) g(x) =a, forx € M, and g(11---) = 0.

THEOREM. If 35 e > 1/(n — 1), then g satisfies the RPF-condition.

PrOOF. The existence of A > 0 and » € M(Z]) follows from the Schaud-

er-Tychonoff theorem as in the proof of Theorem 1.7 of [1]. To calculate »
define », = »(M}) and », = »(11--+). £*» = Av implies

D) Yoy = W(My) = Hely) = o 2 e, 1)) = (1 = e

i=

and

Ay, = Mo(M,) = »(Ely,) = v( é eg("é)le(iz))

(2.3) i=1
= et (x)) = %y _,.

From (2.2) and (2.3) it follows that

24) Y = X5 (n = 1)e*.

(M, )r, together with the point 11--- form a partition of =, hence

A(éo v + %) = M(1) = »(1) = y( ﬁl es(i&))

i=
= »(e89)) + (n — 1)e%
> 0

= v(kgl e le_l) + ey, + (n— 1)

o0
= kzl Ay, + Ayy + 1, by (2.2) and (2.3).

From this one gets
25) (A =Dy, = 0.
(2.6) A > 1, because A < 1 implies by (2.4)
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o0 o0
1 =k§0vk+%° > (n- l)kgoe”‘+%°> 1.
Thus it follows from (2.5) that , = 0.
To calculate  define 4, (x) = £*1(x) for k > 1and Ay(x) = 1. Then for

k>1,

Ak(x) = 3 eskg()’o)’x e Pe-1X)
B Yo ° " Vk-1
2.7) n n n
= 3 xS L8l0 )
Me-1=1 -2 =1 yo=1
Now
ﬁ 800 yn12) = o8ty 2) 4 (y — 1)e
»=1
and, hence,
A (x) = 2 exp{g(n12)) 2 -+
Yk-1 Yk-2
§ exp{g(» ** M1 2)+ gy = 1 X))
1
+(n - l)e“°Ak_1(_)£).
Again

yE exp{g(y, * 1 x) + g(yy -y X))
1

= exp{g(ly, -~ Ve—1X) + 8(11y, - Vi1 X))+ (n— De 4, _y(x).
Iterating this step one gets

A(x) = 2 exp{g(y_yx)}-

V-1
(2.8) yZ exp{g(y, ** Yoy X) + oo+ (Lo Ly oy X))}
+(n = De'm1 4, (x) + - + (n = 1)e"4,_,(x),
and therefore,
Ak(-’f) = o8(lx)+ 451 1x) + (- l)es""Ao(;c) + e
+ (n = De%4,_,(x).

Define B,(x) = }\'kAk(Lc). Choose ¢ such that x € M,. Then an easy
calculation using (2.4) shows

2.9)



228 FRANZ HOFBAUER

B(x) =5y +y_ By(x) + -+ +yyBy_(x) forx # 11:--,
By(11-++) = X* 4+ 5 By(11++-) + -+ + 5B, (11---).
Define y; by
(2.10) up=1 and u; = wu_ypy+ - +uyy_,.
Then
uy By (x) + + -+ + u, By(x)
= uy(rg By (2) + -+ + 5y Bo(x) + 57 50) + o0 e+ g
Rearranging terms and using (2.10) one gets

@.11) Bi(x) = 57 (ohyp + wtapoy + oo+ uy) forx # 11---,
11
Bk(ll"‘)=uox—k+"‘+uk_lk+uk.

By the Renewal Theorem (see [3, p. 306]),

00 -1
limu, = ( jv-_,) =u
Jj=1

because the », satisfy , > O and 32,7 = 1.
Now we show that B, (x) converges uniformly to h € C(Z;) defined by

w
h(x) = uv," E’ v,=h forx €M,
(2.12)

®
K112 ) =u 3 X',
i=0

For x # 11--- one has, using (2.11),

o0
IBk()—‘) —w ' 3,
‘=

< ’i_l(’iluk —u+-e+ ”:+k|“u —ul + gt e)

Fix ¢ > 0. As 3 » is convergent, there is a K with 37 ., %,; < e. Choose
M so that |u,_ , — u| < ¢ for every k > M. Then

K )
<v—'(2v-u_-—u+C > vv)
X" <o t+1|k: | =K1 t+i

0
o) -7 £ 1

< v,_l(s + Ce) forevery k > M,
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where C = max(u,suply; — u|). Therefore B (x) - wy ! 32, v, uniformly
on M, for every ¢. Similarly for x = 11-++: B,(11-++) > u 32, X

To show that the convergence is uniform, choose N in the following way:
By (2.6) there is a ¢ > 0 with ¢° < A. Since a, — 0 there exists N with
la,| < cfor every n > N. Setting ¢ = X'ef < 1, one obtains for t > N,

gy, = Nt & X = i,
Fix e > 0. There is a constant K (independent of ¢) such that

0

) . _
i %ﬂ W s < : %ﬁ g'=g¢¥"(1-¢)"' <e foreveryr > N.
= i=

Choose M as above. Then

-1 0 K -1 0 -1
By(x)—wy Zy| < 2y yylu—ul+C 3y gy,
i=t i=0 i=K+1
<U-¢) e+ Ce for every k > M and every ¢t > N.

Hence

213) B, (x) = X*ek1(x) converges uniformly to the function k

. defined by (2.12), which therefore must be continuous.

Furthermore, > 0, because h, = u(y5 ! + -++) > u > 0. Lis a bounded
operator on C(Z;) ([le]l < nelel). Hence,

X'eh = X" limA ¥ ekl = limX*1ek+1] = p

or

(2.14) Rh = Ah.

Now it remains to show X¥e¥f — »(f )h uniformly for every f € C(Z}).
By the proof of Theorem 1.7 of [1] it suffices to show this for f € C,, (i.e. for
functions which are constant on the cylinders of the form gx, - - - x,,_;]) and
by the linearity of £ and » for f = 1 o+ Xpy]*

Choose r such that x,_; # 1 and x, = -+ = X1 =10<r< m).
Then
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X8 Ny (2)
= A_’ 2 esfg(YO"'.Yr—lz) lolxo.“xm-l](yo .o.yr_lé)
Yo )1

= A“"esrg(xo ~~~X,_|l) ldxo "'xm-ll(xo e x’“lé)

= constant - lo[x,'--x,..-.](‘) = constant - 10[“...11(1)-

(S,8(xg -+ * x,_; ) is independent of z, because x,_; # 1.) Hence it suffices to
consider 1y;... ) (xp = x; = ++» = x,,_; = I). For k > m one has

X ek 1. ()

- }\—k > eSkg(J’o"'yk—ll) 10[“ ml](yo e 'yk_lé)
o s Pt

=xF S Sl e yn2)
Im Ve

= X* 4, (2) = (n = D4,y (2) = -+ = (n = 1e™ 14, _,.(2))
by (2.8)

= Bi(z) — (g By_y(2) + +++ + 3, B,_,.(2))

> h(z) = (h(2) + =+ + By B(2)) = w(lgyy .. PH(2).

By (2.13) the convergence is uniform and the theorem is proved.
ReMaRk. If 3,7 e < 1/(n—1), then g does not satisfy the RPF-
condition, because A = 1 by (2.5) and therefore B, (11 - --) tends to +oo.
REMARK. The theorem is also valid for subshifts =} of S of finite type, if
the first row of A4 consists only of 1 and each column of 4 contains the same
number of 1’s, say m. Then the requirement ;2 * > 1/(n — 1) must be
replaced by 3,2 e > 1/(m — 1).

3. g is said to admit a homogeneous measure p € MO(E;' ), if there are
¢, ¢ > 0and A > 0 such that

lolxoxy C Xy _
G1) TS X expS,g(r) T ©

N

5]

for every x € =7 and every m > 0.

THEOREM. The function g defined by (2.1) has a homogeneous measure iff
S0 ay is convergent.
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ProoF. First we shall show that, if 3 a, is divergent, there is no homoge-
neous measure.
Suppose there is one. Then by (3.1) one has for y, z € o[xg *** x,,_1 ],

e exp S, g(y) < X'ulglxg -+ x,,_1]) < cyexp S, 8(2).

Taking the logarithm and setting K = logc, — log¢,, S,,8(») < S,,8(z) + K
and, therefore (change the places of y and z),

(32) 1Sm8(¥) = S,g(2)l < K.

Now choose xy = -+- =x,,_; = 1,y,=2fori > mand z; = 1 fori > m.
Then (3.2) becomes |a; + a, + -+ + a,,| < K, a contradiction.
If3 a, is convergent, the RPF-condition is satisfied. We shall show that
p = vh is a homogeneous measure. For the o-invariance of p see [1, p. 21].
(3.3) Since there are d,, d, > 0 with d; < h < d,, it suffices to check the
homogeneous condition (3.1) for » instead of pu Set Q
= »(olxg * X1 1)/ (X" exp S,,8(x)). Choose ¢ so that 6™ x € M, and r the

smallest integer between 0 and m such that x, = --- = x, | = 1. Then
Wglxg *+ x,q)) = )\"'V(B'IO[XO...XM_,])
(3.4) = KT exp(S, 800 Xy - MWl 1)

o0
= A_rexp(Srg(xo X,y ...)) . 2 v

=m-r
(S,g(xg -+ x,_; ) depends only on x; - - - x,_,, because x,_; # 1.)
Smg(__&) = S’g(xo S Xyt .)
(3.5) +g(x’...xm_l...)+...+g(xm_l...)
= Srg(xo TS ') + Apyy—r+1 +oeeet gy
From (3.4) and (3.5) one gets
(3.6) Q= X"Temntn 5y,
=m-r
2 a, is convergent, hence there is a constant K with |s, | < K for every k. This
implies
3.7) e L emImrats & Q2K

Furthermore,
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1
=m-=r

© ©
X”-r ) 2 Y, = (n — l) .20 }\-’_lesm-rﬂ by (2’4)
i=
0 .
= (n — l)esm—r '20 A—‘_‘esm-r#_sm—r
i=

©
< (n—-1eX ‘20 Xilebi
i=

where b; = supj?ol.s}+i - 5l a4 Obin}p}ies i~'b; > 0 and, therefore, the
convergence radius of the series > e%x'*l is 1. Hence 3 X1eb is conver-
gent. Set (n — 1)eX I X 1eb = L,

On the other hand it is clear that

-]
X" 3 n>0- DX et =M > 0.

i=m—-r
Hence
o0
(3.8) ML 3 v, < L.

=m-r
By (3.6), (3.7) and (3.8) one gets Me 2K < 0 < Le*® and the proof is
completed by (3.3).
Remark that, if 3 g, is divergent, condition (3.1) may be “almost” satisfied
(in the sense of (3.12) and (3.15) below) for the measure p = vh.
For example choose a, = log(k + 2)/(k + 1). Then s, = log(k + 2) and
=@m-1)k+ 2)X*~!. We have 5, = o0, but by (3.6),

0
= WM = Smer+1+S)
Q__A e~ Smr+t 1'2 vi

=m-r

- t+2 3 —i—
=N — L ___(n-1 i + 2N
m—r+t+2(n ),-=§_,(' )

For |x| < 1 one has

$ i+ 2 = E* )M — (k + D
i=k (1-x’

Using thisforx = X' < landk =m—r,

t+2 m=-r+2)A—(m-r+1)
Q=("_l)m—r+t+2m : (;\_1);"

(3.9) 2(n—-l)(m—r+2)}\-(m—r+l)>2(n—1

(}\_1)2 m-—r+2 A-=-1)
=2n-1)/A-1)=7¢ >0

> Joa-1)
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Hence by (3.3) the constant ¢; of (3.1) exists. As 3 log(k +2)/(k + 1) is
divergent, ¢, cannot exist by the above result.
But one can even show more: Set

_ #( oo *** Xy )
(3-]0) qup sup exp g(_)’) ’
where the supremum is taken over all y € ([x, :*-x,,_,], and analogously
qup As S,,8(y) attains this supremum for y = xg---x,_;22--- (this
means ¢ = 0) one has, by (3.9),

- M\ = (m —
qup (n—l) 2r+2(m r+2)A-(m-r+1)

-1’
@.11) _2n-1) +1 (n—1)
n— -r
" J(r- _,“)<(A Ja-p =25
By (3.3), (3.9) and (3.11) there are ¢, ¢, > 0 such that
(3.12) Q< and ¢ < Q.

For another example choose @, = —log(k + 2)/(k + 1). Then
s = —loglk +2) and » =(@n-1)(k+ 2)-1J\""1.
Again s, = —c0. By (3.6)

Q —_ Xn"e’sm-rﬂ"'-"l § V.

1

i=m-r
_m_,m—r+t+2 _ 2 |
=A R D s LM

Now(m—r+1t+2)/(t+2)(i+2)<1foreveryi > m— r, hence
©

(3.13) 0<(-D 3N =5,
i=

By (3.3) the constant ¢, of (3.1) exists, so there cannot be a ¢; > 0, because
> —log(k + 2)/(k + 1) is divergent.

Define O, and Q,; analogously to (3.9). S,,g(y) attains the infimum for
Y =X+ X,_122--- (this means ¢ = 0). Hence

o— . — w
r+2 )\"}” 1 2

(B.14) Oy = 2

imym-r+i+1
By (3.3), (3.13) and (3.14) there are ¢;, ¢, > 0 such that
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(3.15) < Qn<c and @< o
4. The functions g defined by (2.1) give us also examples for the nonunique-
ness of the equilibrium state. Throughout this section we shall consider =5 .
(4.1) LemMa. If 372 o e* < 1 then P(g) < 0.
PrOOF. By definition P(g) = limk ~'log Z, (g), where

Z,(g)= 3 expsupS;g(y),

X * " Xy

the supremum taken over all y € g[xq =+ x,_;],

k
Z(g)= 2 X expsupSpglxg:--x,_211--1y )

r=1xq°* X3
+expsup S, g(11 -+ 1y, +++).

(For each cylinder o[xg «++x;_;] # ¢[11--- 1] choose r so that x,_; = 2 and
x" == e = xk-l = 1.)

SupSkg(xo .. 'x,_2211 e lykyk+| .. ’)
= S’g(xo .o .x’_22. . .)+supsk_rg(ll s lykyk+l .o .)
= S,8(xg - x,52++) + S;_,.g(y)

where y € ([11---1] is chosen such that S,_,g(11:-- 1y, ---) attains its

supremum for . (S,8(xg * +* x,_,2 - - ) is independent of the continuation of
the block x; - - - x,_,2.) Therefore,

k
Zk(g) = r§1 €xXp Sk_,g(_);) % 2 €Xp S,g(xo creX, g2 +) +exp Skg(_yo),

Xp-2

S expS,glxgrrx,_52-0)=¢€% I expS,_ glxyrx,52°")
2 2

xoc..x" xoo..x'_

=e"4,_,(22--+) r>1 by(7.
Hence,

k
42) Z(g) = rgl exp Sy_,8(y) - €04, 1(22---) +exp S, 8(y,)-

(2.9) becomes
A(22-00) = T4 %1422 ) + oo - 4+ €A, (22-).

From this one sees by induction that
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4.3) A,(22+-+) < e, hence e®4,(22--+) < L.

(For 4y(22+-+) =1 this is clear, because 3 e < 1, therefore e® < 1. If
A;22-- )< e ™fori=1,2,...,k—1then

A (22--) < e (e 4 -0 + %) L e,
because 3, e’ < 1.) Furthermore choose ¢ such that ok"’_y, € M,. Then

Si—r8) = ap_ o Fay, <l |+ + oy,

(4.4) k
< /sgg El 94,1 = Co
4.5) limk~'C, = 0, because a, —> 0.
By (4.2), (4.3) and (4.4),
Z,(g) < (k + 1)e.
This implies

P(g) = limk'log Z,(g)
< limk~'log(k + 1) + limk™'C, = 0 by (4.5).
Hence the lemma is proved.

(4.6) LemMA. If 3.7 o e® < 1 then §,,... is an equilibrium state for g.

ProoF. Clearly h; = Oand §;...(g) = 0. Thus

P(g) <0 =rhy +8,..(2).
On the other hand

4.7) P(g) > h, + u(g) foreveryp € M,(Z3)
(see [1, p. 31]). Hence P(g) = hy  + 8. (g) and the lemma is proved.

(4.8) Let 9, ¢, € C(Z3) with ¢, — o and let p, be an equilibrium state for
®,- As M,(27) is compact and metric in the weak*-topology, there is a
convergent subsequence (4, ) of (u,).

LEMMA. p = lim Iy, is an equilibrium state for o.

ProoF (WALTERs [7]). From |P(y;) — P(¥;)| < [l4y — ¢l [7, Theorem
2.1(v)] one gets
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P(p) = lim P(p,) = lim(k, + ,(p,))
< lim(h, + p,(9)) + lim[lp, — ¢

= limh, +lim 1, ()

< by, + wo)

(lim h,, < h, because p > h, is upper semicontinuous [1, p. 64].) By (4.7) we
have P((p) = h + u(p) and the lemma is proved.
The followmg lemma is well known.

(4.9) LEMMA. Let pn € M,(Z5) and suppose limp, (o[xq * * * x,,_]) exists for
every cylmder olxo *** X,—1]. Then p, converges in the weak*-topology to
B € M,(Z3), which is umquely determined by

plolxg + + * Xy ]) = limp, (o[xg - -+ Xy ])-
Now we can prove the desired result.
THEOREM. Let g defined by (2.1) satisfy
o0 o0
(4.10) kEO e =1 and kzo (k+ e = u™! < o0.

Then g has two equilibrium states.

Proor. For a given block xj-+-x,_; # 11---1 choose ¢ such that x,
=:+=x_,=1and x, =2 and r such that x,_; =2 and x, =
X1 = 1. We shall show that the measure p defined by

0
Plolxg * +* Xp1]) = hexpS,g(xg -+ - x,52-++) 3 e
(4.11) for glxg +*+ Xy ] # ([11--- 1],
0
p(llt-e 1) = u X (i = m+ D)e”,
I=m

where h, = ue™™ 32, e, is an equilibrium state for g.
To use (4.8) define g, by

g,(x) = g(x) forx & M,
4.12)
g,(x) = ao) for x € M, where a(()") N gp.

Then E,:Lo exp s,(‘) > 1, where sf(") = a(()") + a; + - -+ + a;. Hence g, satisfies
the RPF-condition. By (1.1) p” = »"A" is an equilibrium state for g,, where »"
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and A" are as in the RPF-condition for g,. One has (use (3.4) and the fact that
R" is constant on o[xg * +* X,,_;] # o[11---1]),

0
W (olxo *+* Xme1]) = BN exp S, 8,(x0 - - X,p2+00) X W

i=m-r

.13) for oy -+~ x,_y] # l11-+- 1}
(1) = S G m 1

where &} is as in (2.12).

By (4.9) it suffices to show p"(g[xg - x,,_1]) = p(clxg * * - x,,—1])- This
follows from (a)—(f) below (confer (4.11) and (4.13)).

(a) Define

w .
f(x) = 020 eSix'*! and
i=

fx) = g exps x'*! = exp(al? — ap) f(x).

Then f and f, are strictly increasing on [0,1], f(1) = 1 and A, is uniquely
determined by f,(\, =1

£, > f.4y because al” > a{"*". This implies A, > A,,, > 1. Fix ¢ < L.
Then there is an N w1th A (c) = ex (") - ay)f (c) < 1foreveryn > N (as
f(c) <1 choose N such that |a0 - aol < log(1/f(c)) for every n > N).
Therefore since f, increases, A, < ¢! for every n > N. This means A,
- 1(n— ).

(b) o= }\;H exp s,(") = A;i" exp(ag') — ay)e’ - e
) ) . )

(©) S 0 = exp(a) — ap) 3 AT 3 e
i=t i=t i=t

by Abel’s theorem on power series.

= (z -m+ 1)y = exp(ag") - ap) E i-m+ l)e"'}\""
(d)
- 2 (i —m+ 1)

i=m

by Abel’s theorem on power series. In particular,

(") 2(z+l)v —>2 (z+l)e"=—

Hence ™ — u.
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1 2 o
) K= u"0) 7 S o > ue™ S e =,
i=t i=t
by (b), (c) and (d).

S’gn(xo .o .xr_22o..) = I(asn) —_ ao) + S’g(xo ...xr_zz...)

- S’g(xo ...xr_22...)

(f)

where / is the number of 2’s in the block x « -+ x,_52.

We have proved that the measure p. defined by (4.11) is an equilibrium state
for each g satisfying (4.10). But as for this g, X e’ = 1, §;;... is also an
equilibrium state by (4.6) and p # §,,... because p({11---}) = 0. Hence the
theorem is proved.

It remains to show that there is a sequence (a,) of real numbers satisfying

(@) a,—0.

d) Spoe™* =1

() Sheo (k + e’ < co.

Proor. Choose

a, = =3 log((k +2)/(k + 1)) fork >1

and
ay = —log<1 + kzl et '“"‘)
Then
(a) log((k + 2)/(k + 1)) = 0.
(b) k§0 e’ = e“°(1 + kél e“'+"'+“"> =1
© S e —ens S k+ Dk +27 < .

5. In this section we give a summary of the results about the functions
defined by (2.1) in the form of the following table and complete the proofs of
these results.
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g satisfies g admits a | g has unique
the RPF- homogeneous| equilibrium
condition measure state
24, converges yes yes yes
Sp 1
k>
n-1
D_a, diverges yes no yes
. Sk + 1) <o no no no
Zesk Tn-1
S+ 1)k =] no no yes
Z Sk 1
ek < — no no yes

The first column of this table has been proved in §2, the second one in §3. The
first both “yes” in the last column follow from the first both “yes” in the first
column by (1.1). The “no” has been proved in §4 for Z; , but it is easily carried
over to the case of = .

It remains for this section to prove the last both “yes” in the third column.
Again we give the proofs for =7 .

THEOREM. If 3 e < 1, then &, ... is the unique equilibrium state for g.

PrOOF. Suppose g has an equilibrium state u # §;,... . Then there is an M,
with u(M;) > 0. Define g by

(5.1) g(x) = g(x) forx & M,

g(x) = g forx € M,
with @, > g;such that 3} % < 1, where3, = ay+ +++ + &, + - - + a;. Then
one has P(g) = 0= P(g) = h, + u(g) <h, +p(g), a contradiction to
@.7).

For the other case we need a lemma.

(5.2) LEMMA. Let b with 0 < b < 1 and e with0 < ¢ < 1 — b be given. Then
for every & > 0 there is an x with 0 < x < § such that

x
(5.3) x + log(1 — b) — log(1 — be*) > 1

-b—ce

Proor. For 0 < x < logb™!, (5.3) is equivalent to
(1 —beX)exp((b +€)/(1=b—¢))x > 1—0b.
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Setting f(x) = (1 — be*)exp((b + €)/(1 — b — €))x it suffices to prove f(x)
> £(0) for an x €]0,min(8, logb™')[. Now one has f(0) = ¢/(1 — b —¢)
> 0. The continuity of f” implies that there is an x €]0, min(8, logb™")[ with
f'(¢) > 0 for all £ €]0,x]. Hence, by the mean value theorem, f(x) — f(0)
=f'¢)x > 0.

THEOREM. If 3 e’ = 1 and 3 (k + 1)e’* = oo, then §,... is the unique
equilibrium state for g.

PROOF. Suppose g has an equilibrium state p # §y;... . Set g, = p(M;) for
i 2 0. Our goal is to prove

(5.4) o >0 and

o0
(5.5) T kZ. e’  for every i.
=i
For both proofs we shall need g € C(Z;) defined for every i by

g(x) =g(x) forx & My U M,
(5.6) g(x) = a, forx € M,
g(x) =g forx € M,

with @; and @, such that 3 e™ = 1, where 5, = gy + -+ q, (k < i — 1)
and 35, =y + -+ g+ +a (k>i)

To prove (5.4) suppose piy = 0. Because of p # §;;... there must be an M,
with p(M;) > 0. Choose in (5.6) @, > a; and @, < ay. Then P(g) =0
= P(g) = h, + u(g) < h, + p(g), a contradiction to (4.7). Hence (5.4) is
valid.

To prove (5.5) choose in (5.6) @; < a; and @, > a,. By the definition of 3,
one has

o0 o0
(5.7) exp(@; — a;) k}_‘,. et = exp(ay — a,) kE' e,
=i =j

Because of y(g) < P(g) — h, = P(g) — h, = p(g) one has

(5.8) W+ @y < pa; + poag.
(5.7) and (5.8) imply

P X
(59) Ko 2 x + log(1 — b) — log(l — be™)

where x = @, — gy and b = Ji_) e% (then 1 — be* = I, %),
By (5.2) for every ¢ with 0 < e < 1~ b one can choose @, such that
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0<ad—ay<log b7! (this guarantees the existence of an g satisfying
S €% = 1) and that the right-hand side of (5.9) is greater than Sp; e’ — ¢
= 1 — b — & Letting ¢ tend to zero one gets (5.5).

Summing (5.5) fori = 0, 1, ..., N one has

N

N o
(5.10) 123 p>2p 2 3 ek
i=0 i=0 k=i

Because of 3, (k + 1)e®* = oo the right-hand side of (5.10) tends to +o0 (N
— o0), a contradiction. This proves the theorem.

Finally, the author would like to thank K. Sigmund for encouragement and
valuable advice.
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