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EXAMPLES FOR THE NONUNIQUENESS OF
THE EQUILIBRIUM STATE(')

BY

FRANZ HOFBAUER

Abstract. In this paper equilibrium states on shift spaces are considered.

A uniqueness theorem for equilibrium states is proved. Then we study a

particular class of continuous functions. We characterize the functions of this

class which satisfy Ruelle's Perron-Frobenius condition, those which admit a

measure determined by a homogeneity condition, and those which have

unique equilibrium state. In particular, we get examples for the nonunique-

ness of the equilibrium state.

0. Introduction. In [7] Walters proved a very general variational principle for

dynamical systems. He considered a compact metric space X and a continuous

map T: X -* X. C(X) denotes the Banach space of all real-valued continuous

functions on X. The pressure is defined as real-valued function P on C(X ) (see

§1 of [7]). Walters showed that P(cp) = sup eM rx^(h(T) + p(tp)), where

MT(X) denotes the collection of all T-invariant probability measures on X and

h (T) the entropy of p with respect to T. A p such that A (T) + p(y) attains

its supremum is called equilibrium state. Walters based himself on a paper by

Ruelle.[6], who considered a Z" action on a compact metric space and proved

a variational principle, when the action is expansive and satisfies the specifica-

tion condition.

Intrinsically ergodic dynamical systems, i.e. those having a unique measure

maximizing entropy, have been thoroughly investigated (see e.g. [9]). A more

general question is to find dynamical systems (X, T) and functions <p G C(X)

admitting a unique equilibrium state.

Bowen [1] considers one-sided subshifts 2^ of finite type and the set

€A C C(ZA) of those functions which are Holder continuous with respect to

a certain metric on Xj. For each <p G C(2A) he defines the operator £ on

C(2£) by ev/(x) = Sveo-ij e^f(y) and shows that, if <p G %, £„ satisfies

the Ruelle-Perron-Frobenius (RPF) condition, i.e. there are X > 0, A

G C(2j) with A > 0 and v G M(2A), the set of all Borel probability
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measures, for which t^h = Xh, t*v = Xv, v(h) = 1 and X~m£™f converges

uniformly to v(f)h for every/ G C(2A) [1, Theorem 1.7]. By this condition

X, v and h are uniquely determined. Furthermore X = ePXfP> and the RPF-

measure p defined by p(f ) = v(hf ) is shift invariant.

From the above properties of v and h Bowen deduces for cp E ^A that p

satisfies a homogeneity condition, i.e. there are cx, c2 > 0 and F such that

< r*(0[*0*l  •••*w-lD K c

l"cxp(-Pm + ^:X0cp(akx))"   2

for every x G 2^ and every m > 0 [1, Theorem 1.16]. By this condition P and

p are uniquely determined and F = P(cp). The measure p will be called

homogeneous.

Bowen then shows that the homogeneous measure is an equilibrium state for

cp E ^A and that this equilibrium state is unique [1, Theorem 1.22].

The purpose of this paper is to consider these problems for functions which

are not Holder continuous. In § 1 we bring the definitions and prove that every

continuous function for which the RPF-condition is valid has a unique

equilibrium state. This follows immediately from the methods deduced in the

papers of Walters [8] and Ledrappier [5] and generalizes Bowen's result in [1].

The remainder of the paper deals with a particular class of functions, which

were studied earlier in statistical mechanics. The corresponding situation there

is called the Fisher model (see [4] and [2]). In §2 of this paper we characterize

the functions of this class which satisfy the RPF-condition, in §3 those which

admit a homogeneous measure, and in §§4 and 5 those which have unique

equilibrium state. In particular, §4 gives examples for the nonuniqueness of

the equilibrium state. §5 also contains a summary of these results.

1. Let 2^ denote a subshift of 2+ = Yi™ {1,2,...,«} of finite type and a

the one-sided shift on it. M ÇEA) denotes the collection of all Borel probability

measures of 1A and Ma(2A) the collection of all a-invariant ones. For each

cp E CÇ2A), the Banach space of all real-valued continuous functions with

supremum norm ||-||, we define the operator £  on C(S^) by

£,/(x)=    2    e^f(y).

Set Smcp(x) = 2/To1 "rV^)- Then

tmf(x)=   2   tw(Sm<p(y))f(j).

We shall say that cp satisfies the RPF-condition if there are X > 0, h

E C(2+) with h > 0 and v G A/(2^) for which t^h = Xh, t*p = Xv, v(h)
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= 1 and \\X~m£™f- i</)A|| -» 0 for all/ G C(2¿). The measure p defined

by Kf) = V(M) will be called RPF-measure. Define the pressure P: C(2A)

-* i? U {+00} by

/»(ç>) = lim - log     2     sup exp Sm y(y),
m        x0---xm_x

where the supremum is taken over all j* G 0[x0 •••xm_x] = {y E ^A:y¡

*— x¡,0 < i < m — 1}. Then ju G M0(2^) is called an equilibrium state for <p

if P(tp) = A  + /t((p), where A   denotes the entropy of p relative to a and

m(<p) = S<pdp.
As an easy consequence of Walters' paper [8] we have

(1.1) Theorem. Let <p satisfy the RPF-condition. Then p = vh is the unique

equilibrium state for tp.

Proof. Set 9 = <j> + log A - log A ° o - logX. By Lemma 1.1 of [8] 9 and

ff have the same equilibrium states. We write £ for £ and £ for £?. f satisfies

the RPF-condition with v = p,h = 1 and X = 1 as the following calculation

shows:

£1(*)=    2    e^h(y)-^ = l-±rth(x)=l.
j-E«-'i        A       Kx)     xKx)

Hence £1 = 1.

£%(/) - K£/) = v(hX-xh~xthf) = A"'K£A/)

= K«/) = Kf)-

Hence £ u = p.

j'Eu-'-i a nyo y) X n

^h~Xv(hf)h = p(f).

Hence £m/-> /x(/) uniformly.

9 satisfies the requirement 2^6„-iÄ e9^ = I- Therefore, for m G Af(2^),

the following are equivalent (see Theorem 2.1 of [8])

(i) £ m = m.

(ii) m E M0(2^) and m is an equilibrium state for rp.

Now if u is the RPF-measure vh, we have £ p = p. Hence p is an equilibrium

state for 9 and, hence, for <p.

On the other hand, if p is an equilibrium state for <p, it is one for fp, hence

£ /i = /t. As ç satisfies the RPF-condition and the RPF-measure is uniquely
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determined by this condition, the theorem is proved.

2. Throughout the remainder of this paper we shall deal with particular func-

tions, which we define now. Set M0 = 2+\0[l] and Mk = {x G 2*: x(- = 1

for 0 < / < k — 1, xk ¥= 1} for k = 1,2,_Then the sets Mk together with

the point (11 • • •} form a partition of 2*. Let (ak) be a sequence of real

numbers with limak = 0. Set sk = a0 + • • • + ak. Define g G C(2*) by

(2.1) g(x) = ak   for x G Mk   and   g(l 1 • • • ) = 0.

Theorem. //2¿°=o e¡k > V(" ~ 0. then g satisfies the RPF-condition.

Proof. The existence of X > 0 and v E M(2*) follows from the Schaud-

er-Tychonoff theorem as in the proof of Theorem 1.7 of [1], To calculate v

define vk = v(Mk) and v^ = v(l 1 •••).£% = Xv implies

(2.2) Xv0 = Xv(M0) = KeiWo) = *( .2 e«(/jt) l„o(/x)) = (n - \)ea°

and

xvk = a,(m,) = Kei^) = p(î e^hMk(ix))
(2.3) V,=1 '

= v(e^\Mk_x(x)) = e°>vk_x.

From (2.2) and (2.3) it follows that

(2.4) vk = X-k-](n-\y<.

(Mk)^=Q together with the point 11 • • • form a partition of 2*, hence

a(Jo *k + %) = HD = "(ei) = "(.2 e*(fi))

= kcî(Ijî)) + (« - iy°

= 2 H + A^o + i^   by (2.2) and (2.3).
k=\

From this one gets

(2.5) (A - 1)^ = 0.
(2.6) A > 1, because A < 1 implies by (2.4)
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1 - S ** + %o X« - 0 2 ef" + pK > 1.
a=o *=o

Thus it follows from (2.5) that i^ = 0.

To calculate A define Ak(x) = £* l(x) for k > 1 and A0(x) = 1. Then for

k> 1,

4tte)=    2   ^«(^i •••Ä-.i)-itv
^•••Ä-l

(2J) »   ,   > -
=    y    eg(Ä-ii)    2    •••2   eg^0'">'*-l2£'.

Now

and, hence,

2  eg(yo ■ ■ *ä-iä) = e»(bi • • ä-iä) + („ _ iyo

^U) = 2 exp{g0k_,2ç)} 2 **•

2 exp{g(y, • • -yk-ix)+ g(\yx ■ • -.y*--*)}

+(» - \)e^Ak.x(x).

Again

2 exptgíj-, • • -yk_xx) + g(\yx ■ ■ -yk-Xx)}
y\

= exp{g(ly2 • • -yk.xx) + g(\\y2 ■ • -yk.xx)} + (n - \)e*Ak_2(x).

Iterating this step one gets

Ak(x) = 2 eMg(yk-\z))---
Ä-i

(2.8) 2 exp{g(^m • • -yk_xx) + • • • + g(l • • • \ym • • -yk_xx))
ym

+(n - \)es^Ak_m(x) + ..- + (»- 1>^^_,U),

and therefore,

^U) = e^)+ • • ■ +*0 • *• « + (* - iy*-M0U) + • • •

+ («-lK"^_1(x).

Define Bk(x) = X~kAk(x). Choose t such that x E Mr Then an easy

calculation using (2.4) shows
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Bk(x) = v~x vl+k + vk_x B0(x) + •■• + v0Bk_x(x)   for x *= 11 • • •,

Bk(l\---) = X-k + vk_xB0(n---) + --- + vQBk_x(U---).

Define u¡ by

(2.10) «0 = 1   and   u¡ = u¡_xv0+ ••• + uQv¡_x.

Then

UoBk(x) + --- + ukB0(x)

= "o("oBk_i(x) + • •• + vk_x B0(x) + v~x vl+k) + --- + uk.

Rearranging terms and using (2.10) one gets

Bk(x) - v~x (u0vt+k + ux vl+k_x + --- + ukvt)   for x # 11 • • •,

Bk(U ■••) = u0X-k + --- + uk_xX + uk.

By the Renewal Theorem (see [3, p. 306]),

-l

(2.11)

limuk = (.2/5-1)    = «

because the v¡ satisfy v¡ > 0 and 2* 0 vi = *•

Now we show that Bk(x) converges uniformly to h E C(2*) defined by

h(x) = uvt     2 vi = ht   for x. E Mt,

(2.12)
i=t

CO

A(ll •■•) = u 2 A"'.
1=0

For x ¥= 11 • • • one has, using (2.11),

-1
Bk(x) - uvt     2 vi

t=t

< vt 0»k -«! + ••• + ",+J"0 - "I + vt+k+\« + •••)•

Fix e > 0. As 2 v¡ is convergent, there is a K with 2,* j^+i vt+¡ < e- Choose

M so that I«*.* - «| < e for every k > M. Then

**(*) - «»} x 2 ", -1/ * °° \< ",  ( 2 ",+>*-/ - «I + c  2   »}+,-1
\l=0 1 = A + 1 /

< v¡~x(e + Ce)   for every k > M,
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where C = max(«,sup\u¡ - u\). Therefore Bk(x) -> uv~x 2*, *"/ uniformly

on Mt for every t. Similarly for x = 11 • • • : Bk(l 1 •••)-» u 2," o A_'-

To show that the convergence is uniform, choose N in the following way:

By (2.6) there is a c > 0 with ec < X. Since a„ -» 0 there exists N with

|on| < c for every « > A. Setting 4 = A_Iec < 1, one obtains for t > TV,

«
-1

«^ = A_'e,7'+'+---+<''+1 < r'ec/ = a'.
vt    "t+i

Fix e > 0. There is a constant A' (independent of r) such that

2    v~x vl+i <    2    q' = qK+x(l-q) l <e   for every t > N.
i=K+l i=K+l

Choose M as above. Then

Bk(x) - uvt x 2 ",
00

2
K 00

< .2 v, vt+i\uk_i - u\ + C   2    1} ' *•+,-
1=0 i=/^+l

< (1 - q) e + Ce   for every k > A/ and every / > A/.

Hence

•^¿•(¿O — X~ktk \(x)   converges uniformly to the function A

(2.13)
defined by (2.12), which therefore must be continuous.

Furthermore, A > 0, because h, = u(vtv~x + •• •) > u > 0. £is a bounded

operator on C(2+) (||£|| < ne11«11). Hence,

A_1£A = A-'Elimrt*! = limÀ-*-'£*+1l = A

or

(2.14) £A = Xh.

Now it remains to show X~k£kf-* v(f)h uniformly for every/ G C(2^).

By the proof of Theorem 1.7 of [1] it suffices to show this for/ G Cm (i.e. for

functions which are constant on the cylinders of the form 0[x0 • • • xm_x ]) and

by the linearity of £ and v for/ = 1 r^ ...x _]■

Choose r such that xr_x # 1 and x¡"= • • • = xm_x = 1 (0 < r < m).

Then
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-JT     2     e^-y^hdxo,..Xm_i](y0-yr_x¿)
yt¡---y,-\

= X-res^---^\Xo...Xm_{](xQ---xr_xí)

= constant- \Xr...Xm_x)(i) = constant- lju...ij(z).

(S^Xq • • • xr_j¿) is independent of z, because xr_, # 1.) Hence it suffices to

consider 1 m ... n (x0 = X[ = • • • = xm_x = 1). For k > m one has

A-^n-nü)

= X~k     2     es^-^ldxx...x](y0---yk_xz)

= A-*     2     eskB(u---]ym---yk-ii)

ym---yk-\

= X~k(Ak(£) - (n - \y°Ak_x(z)-(n - l)e^Ak_m(z))

by (2.8)

- Bk(z) - (vQBk_x(z) + ••• + vm_xBk_m(z))

-* h(z) - (vQh(z) + -.- + vm_xh(z)) = v(ldxx...x])hU).

By (2.13) the convergence is uniform and the theorem is proved.

Remark. If 2^=0e$k < V(« - 0. then g does not satisfy the RPF-

condition, because A = 1 by (2.5) and therefore Bk(\\ • • •) tends to +oo.

Remark. The theorem is also valid for subshifts 2^ of 2* of finite type, if

the first row of A consists only of 1 and each column of A contains the same

number of l's, say m. Then the requirement 2Jt°=o e"k > V(" - 1) must be

replaced by 2r=o e*k > V(m ~ 0-

3. g is said to admit a homogeneous measure p E A/0(2*), if there are

c,, c2 > 0 and A > 0 such that

(3-° Cx <   A-exp^iU)   -Q<C2

for every x G 2* and every m > 0.

Theorem. The function g defined by (2.1) has a homogeneous measure iff

2*°=o ak is convergent.
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Proof. First we shall show that, if 2 ok is divergent, there is no homoge-

neous measure.

Suppose there is one. Then by (3.1) one has lory, z G 0[x0 • • • xm_x],

qexpS^gÇy) < Xmp(0[x0 • • • xm_x]) < c2expSmg(z).

Taking the logarithm and setting K = logc2 - loge,, Smg(y) < Smg(z) + K

and, therefore (change the places of y and z),

(3.2) \Smg(y) - Smg(z)\ < K.

Now choose xQ = • • • = xm_x = 1, y¡ = 2 for i* > m and zi = 1 for / > m.

Then (3.2) becomes \ax + a2 + • • • + am\ < K, a contradiction.

If 2 ak is convergent, the RPF-condition is satisfied. We shall show that

jit = vh is a homogeneous measure. For the a-invariance of p see [1, p. 21].

(3.3) Since there are dx,d2> 0 with dx < A < d2, it suffices to check the

homogeneous condition (3.1) for v instead of p. Set Q

= Ko[*o ■ ' ' Jcm-i])/(A~WexP'S,mc?U)). Choose / so that amx E Mt and r the

smallest integer between 0 and m such that xr = • • • = xm_, = 1. Then

Koto» • "*«-i]) = A"r,<£rW..,„_,])

(3.4) = *~'exp(Srg(x0 ■■•xr_x---M^...^j)

00

= X~rexp(Srg(x0 ■ • • x,_, • • • ))   2    "/•
i=m—r

(Srg(x0 • • ■ xr_x ■••) depends only on x0 • • • xr_x, because xr_x # 1.)

Smg(x) = Srg(x0 • ■ ■ xr_x •••)

(3.5) +g(xr---xm_x •••) + •••+g(xm_x •••)

= Srg(x0 • • ■ xr_x ■••) + am_r+t + ■■• + ax+r

From (3.4) and (3.5) one gets

(3.6) g. X»-Ví"-'+'+í'   2    v¡.
i=m—r

2 ak is convergent, hence there is a constant A" with |s¿ | < A" for every k. This

implies

(3.7) e~2K < e-*-"+*> < e2^.

Furthermore,
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00 00
\m-ra""'   2   v¡ = (n - 1) 2 X~'~les^*<   by (2.4)

i=m-r i=0

= («- \)eSm" 2 A~/_V"-'+'"
¿=0

<(n-l)<?*2 X-'-V'
i=0

where 6,- = sup/>0|s7+/. - s,|. er¿. -> 0 implies i~xb¡ -» 0 and, therefore, the

convergence radius of the series 2 eb'xi+x is 1. Hence 2 a"'"1«6' is conver-

gent. Set (n - \)eK 2 \~i~ieb> = L.

On the other hand it is clear that

Am"r   2    vt >(n- 1)a~V-' - M > 0.
I = »!—/•

Hence

(3.8) M < Am_r   2    vi < L.
i=m-r

„—2K ̂  ~r\ ¿s   i J.KBy (3.6), (3.7) and (3.8) one gets Me~¿K < Q < Le2* and the proof is

completed by (3.3).
Remark that, if 2 <*k 1S divergent, condition (3.1) may be "almost" satisfied

(in the sense of (3.12) and (3.15) below) for the measure p — vh.

For example choose ak = log(k + 2)/(k + 1). Then sk = log(k + 2) and

vk = (» - \)(k + 2)X~k~x. We have sk -+ oo, but by (3.6),

00
\m-r0-sm-,+i+s,

i—m-r

Q = Xm~re-Sm-r+,+s'   2    »j

- A™"'-?t2,a.-,(« - O     2     (/ + 2)À-'-1.
»J - /■ + t + 2V ,=^J_r

For |x| < 1 one has

1 (I + 2)*»'-fr*2»*'*'-<*+'>*-*'.
'=* (1  - *)

Using this for x =* A~ < 1 and k = m - r,

-^      ,         .        r + 2         (/w - r + 2)X - (m - r + 1)
ô-(/î_1)m-r + / + 2-¡^317-

(3.9) 2(« - 1) (m - r + 2)X - (m - r +1)     2(n - 1)    _

(\-l)2 m-r + 2 ^(X-l)2

- 2(» - l)/(\ - 1) = c, > 0.
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Hence by (3.3) the constant cx of (3.1) exists. As 2 log(fc + 2)/(k + 1) is

divergent, c2 cannot exist by the above result.

But one can even show more: Set

(310) O     =   ^°'"V|1)
K      ' ysup     A-msupexp5mg(^)'

where the supremum is taken over all j' G 0[x0 •••xm_1], and analogously

Qsup. As Smg(j>) attains this supremum for y = x0 • • -xm_[22- • • (this

means t = 0) one has, by (3.9),

q     = („ - 1)—2        (m-r + 2)X-(m-r+i)
^sup       v >m-r + 2 (X-\)

(11I)       .iiizJlA_«zi+») <fcil(x-i) = c-2.(A-1)2V      «-'■ + 2;      (A-1)2V      2/       2

By (3.3), (3.9) and (3.11) there are cx, c2 > 0 such that

(3.12) c, < Ôsup < c2   and   c, < (2-

For another example choose ak = -log(fc + 2)/(k + 1). Then

sk = -log(* + 2)   and   ^ - (n - 1)(A: + 2)~1A_*_1.

Again sk -* -00. By (3.6)

Q = X">-re-sm-r+,+s,   2    „.

i=m—r

=r-'m-;ï;+2(n-i) i ^A--.

Now (m — r + / + 2)/(i + 2)(/ + 2) < 1 for every / > m — r, hence

(3.13) Q<(n~ 1) 2 A_' = c2.
1=1

By (3.3) the constant c2 of (3.1) exists, so there cannot be a q > 0, because

2 -log(A: + 2)/(k + 1) is divergent.

Define Qin( and Qinf analogously to (3.9). Smg(y) attains the infimum for

2 = x0 • • • xm_j 22 • • • (this means / = 0). Hence

— /i — 1  °°     m - r + 2 n - 1   °°     2

By (3.3), (3.13) and (3.14) there are cx,c2>0 such that
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(3.15) c, < ßinf < c2   and   Q < c2.

4. The functions g defined by (2.1) give us also examples for the nonunique-

ness of the equilibrium state. Throughout this section we shall consider 2^.

(4.1) Lemma. 7/2r=o e'k < l then p(g) < °-

Proof. By definition P(g) = lim£_1logZÄ(g), where

Zk(g) =      2     exp sup Skg(y),
x0 ' "■ xk-)

the supremum taken over ail y E 0[x0 •• • xk_x],

k

Zk(g) = 2      2     e\psupSkg(x0---xr_22ll---lyk---)
r= 1 x0 ■ ■ ■ x^2

+expsupSkg(U---lyk---).

(For each cylinder 0[x0 • • • xk_x] =£ 0[11 • • • 1] choose r so that xr_x = 2 and

*,-••• =**-i = I-)

supSkg(x0 ■ • • xr_2211 • • • \ykyk+x ••■)

= Srg(x0 • • • xr_22 • • • ) -i-supS^^gil 1 • • • \ykyk+i • • • )

= ^g(x0---^_22---) + 5Ä_rg(rr),

where yr G 0[11 • • • 1] is chosen such that Sk_rg(l 1 • • • \yk • • ■ ) attains its

supremum forj^. (Srg(x0 • • • xr_22- • • ) is independent of the continuation of

the block x0 • • • xr_2 2.) Therefore,

k

Zk(g) = 2 expSk_rg(yr)     2     expSrg(x0 ■ • • xr_22 • • • ) +expSkg(yQ),
r= 1 j:0 •- - xr-2

2     expSrg(x0---xr_22---) = ea°     2     expS^gCx,, • • -xr_22- • •)
■*0 - " xr-2 *0 ' " -,c<-2

= ea°^_,(22-..)       (r> 1)   by (2.7).

Hence,

it
(4.2)     Zk(g) = 2 expSk_rg(yr) ■ ea«Ar_x(22 • • • ) -fexpSkg(yQ).

r=l

(2.9) becomes

Ak(22 • • • ) = ^*"i0 + ei*-'/l0(22 •••) + ••• + es<>Ak_x(22 • • • )•

From this one sees by induction that
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(4.3) Ak(22 ■ - • )< e-*",   hence ea°Ak(22 - - - )< 1.

(For ^0(22 ■ • •) = 1 this is clear, because 2 e*k < 1, therefore es° < 1. If

A ¡(22 • • • )< e~s° for i = 1, 2, ..., k - 1 then

Ak(22 • • • ) < e-^** + • • • + e*) < e~s°,

because 2 eSk < 1-) Furthermore choose t such that ak~ryr E Mt. Then

Sk-rS(lr) = ak-r+t + ••■ + ax+t < \ak+l\ + ••- + \ax+t\

(4.4) k
< sup 2 \ai+j\ = Ck,

j>0 i = l

(4.5) limÄ:-1^ = 0,   because ak -* 0.

By (4.2), (4.3) and (4.4),

Zk(g) <(k+ l)ec*.

This implies

F(g) = lim^-'logZfc(g)

< limAT1 log(k + 1) + limk-lCk = 0   by (4.5).

Hence the lemma is proved.

(4.6) Lemma. If 2*=o ßSk ̂  1 then 8XX... « an equilibrium state for g.

Proof. Clearly Ä*      = 0 and 5U... (g) = 0. Thus

F(g)<0 = A6n    +5n...(g).

On the other hand

(4.7) P(g) >h¡l + p(g)   for every p E A/0(22+)

(see [1, p. 31]). Hence P(g) — hs      + 8XX... (g) and the lemma is proved.

(4.8) Let cp, cpn G CÇ22) with cpn-> cp and let pn be an equilibrium state for

tpn. As A/a(22) is compact and metric in the weak*-topology, there is a

convergent subsequence (¡in ) of (pn).

Lemma, p = limjnn. is an equilibrium state for cp.

Proof (Walters [7]). From |F(i//,) - Fty2)| < ||^ -^2|| [7, Theorem

2.1(v)] one gets
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Pdtp) = lim/>(?„) = lim^ + pn(<pn))

< lim^ + pn(<p)) + lim||<p„ - <p||

= limA^ + lim pn,(tp)

< \ + /*(?>)•

(lim A    < A because p t-» A  is upper semicontinuous [1, p. 64].) By (4.7) we

have P(w) = A,, + ju(<p) and the lemma is proved.
r"

The following lemma is well known.

(4.9) Lemma. Let pn E Ma(12) and suppose limpn(Q[xQ • • 'Xm_x]) exists for

every cylinder 0[xQ • • • xm_x]. Then pn converges in the weak*-topology to

p E Ma(22), which is uniquely determined by

KJlXq ' ■ • *m-iD = lim^CoK * * 'xm-\])-

Now we can prove the desired result.

Theorem. Let g defined by (2.1) satisfy

(4.10) 2 eSk = 1   and    2 (k + \)eSk = u~x < oo.
k=0 k=0

Then g has two equilibrium states.

Proof. For a given block x0 "-xm_x # 11 ••• 1 choose t such that x0

— • • ■ = xt_x = 1 and xt = 2 and r such that xr_x = 2 and xr = • • ■

— xm_x = 1. We shall show that the measure p defined by

00       .

Mx0 * " ' xm-\ D = ht exP SrS(x0 - * * xr-2 2 ' " * )    2     <?*
i=m—r

(4.11) for oK'-'^J^otll •••!],

laCoCll-'-l]) — if 2 (i-m+iy,
i=m

where A, = ue~s' 2*, **'> is an equilibrium state for g.

To use (4.8) define gn by

8n(î) = gU)   forx G A/0,

(4.12)
£„(*) = aft'   for x G Af0, where aft' \ aQ.

Then 2*°=o exPsl   > *> wnere sjp = a\y + ax +-\- ak. Hence gn satisfies

the RPF-condition. By (1.1) p" = v"h" is an equilibrium state for gn, where v"
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and h" are as in the RPF-condition for gn. One has (use (3.4) and the fact that

h" is constant on 0[x0 • • • xm_x ] # 0[11 • • • 1]),

Aofo) * * * *«-! J) = W6*? W*6 * * * *r-22 • • • )     2     »f
i=m-r

(4.13) toT¿x0'--xm_i}*¿ll-'-l],

/x"(0[ll-.-l]) = «W 2 (i-m + l)v»,
i=m

where h" is as in (2.12).

By (4.9) it suffices to show pn(Q[x0 ■ •• xm_,]) -► /x(0[x0 •••xm_1]). This

follows from (a)-(f) below (confer (4.11) and (4.13)).

(a) Define

f(x) = 2 e*xi+l   and
i=0

fn(x) = 2 txps^xM = exp(a0"> - a0)/(x).
i'—0

Then / and fn are strictly increasing on [0,1],/(1) = 1 and An is uniquely

determined by/,(A"1) = 1.

fn > fn+i because a^ > a0n+x). This implies A„ > A„+1 > 1. Fix c < 1.

Then there is an N with/,(c) = exp(ao ~ %)f(c) < 1 for every n > A/ (as

f(c) < 1 choose N such that |a0"' - a0| < log(l//(c)) for every n > A/).

Therefore since fn increases, An < c~ for every n > N. This means A„

-» 1 (« -» oo).

(b) "" = Â„~''_1 exp^W = a;'"1 expían - a0K< -» e*.

(c) 2 v» = exp(aW - a0) % *V' -* £ **

by Abel's theorem on power series.

OO 00

2 (/ - m + \)v¡ = exp(aW - a0) 2 (i - m + l)es%{-1
i=m

> 2 (i-m+ iy
00

by Abel's theorem on power series. In particular,

-L= 2(/+i>r-2 a+iw-lU(n)       /=0 1=0 u

Hence u™ -» u.
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(e) hn. = k("V)_1 S "" -> «T* 2 «* = A,
i=t i=t

by (b), (c) and (d).

, ,        S,g„(*o • • • xr_22 • • • ) = 7(4") - a0) + Srg(x0 - - >xr_22 • • •)
(f)

-^5,rg(x0--.xf_22---)

where / is the number of 2's in the block xQ • • • xr_22.

We have proved that the measure p defined by (4.11) is an equilibrium state

for each g satisfying (4.10). But as for thisg, 2 e¡k = l,8xx... is also an

equilibrium state by (4.6) and p # 8XX... because p({l 1 • • •}) = 0. Hence the

theorem is proved.

It remains to show that there is a sequence (ak) of real numbers satisfying

(a) ak - 0.

(b)2r=o^ = i-
(c)2£.0 (*+»***<«>•
Proof. Choose

ak = -3 log((* + 2)/(k + 1))   for k > 1

and

% = -log(l+ | ea' + -"+a*).

Then

(a) log«* + 2)/(k + 1)) -* 0.

(b) 2 «** = ea°(l + 2 eai+-+a) = 1.
*=o \      Jt=l /

(c) 2 (* + l)eSk = efl<> + 2 (k+ l)(k + 2)"3 < oo.
*=0 k=l

5. In this section we give a summary of the results about the functions

defined by (2.1) in the form of the following table and complete the proofs of

these results.
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g satisfies

the RPF-

condition

g admits a

homogeneous

measure

g has unique

equilibrium

state

:a>
n-l

2jzfc converges yes yes yes

2]flfc diverges yes no yes

*- n-\

Y¿k + l)eifc < « no no no

2> + 1>** = oo no no yes

« -1
no no yes

The first column of this table has been proved in §2, the second one in §3. The

first both "yes" in the last column follow from the first both "yes" in the first

column by (1.1). The "no" has been proved in §4 for 22 , but it is easily carried

over to the case of 2+.

It remains for this section to prove the last both "yes" in the third column.

Again we give the proofs for 2^.

Theorem. 7/2 eSk < 1, then 8XX... is the unique equilibrium state for g.

Proof. Suppose g has an equilibrium state p # 8XX... . Then there is an M¡

with p(M¡) > 0. Define g by

(5.1)
g(x) = g(x)       for* G M¡,

g(x) = 3j- for x E M¡

with a¡ > a¡ such that 2«s'< 1, where sk = a0 + • •- + a~¡+ - • • + ak. Then

one has P(g) = 0 = P(g) = ha + p(g) <ha + p(g), a contradiction to

(4.7).
For the other case we need a lemma.

(5.2) Lemma. Let b with 0 < b < 1 and e with 0 < e < 1 - b be given. Then

for every 8 > 0 there is an x with 0 < x < 5 such that

(5.3) > 1 - b - e.
x + log(l -b)- log(l - be*)

Proof. For 0 < x < logo-1, (5.3) is equivalent to

(1 - bex)exp((b + e)/(l - b - e))x > 1 - b.
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Setting f(x) = (1 - bex)exp((b + e)/(l — b — e))x it suffices to prove f(x)

>/(0) for an x G]0,min(5, logb~l)[. Now one has /'(0) = e/(l - b - e)

> 0. The continuity of/' implies that there is an x G]0,min(5, logo )[ with

f'(£) > 0 for all £ e]0,x[. Hence, by the mean value theorem,/(x) -/(0)

= /'(£)* >o.

Theorem. If 2 e'k = 1 and 2 (* + l)e'k — oo, then 8XX... is the unique

equilibrium state for g.

Proof. Suppose g has an equilibrium state u # 8XX.... Set pt, = fi(A^) for

/ > 0. Our goal is to prove

(5.4) p0>0   and

00

(5.5) p¡ > p0 2 ***   for every /.
£=;'

For both proofs we shall need g E C(22 ) defined for every / by

g(x) = g(x)       for x $ M0 U M¡,

(5.6) g(x) = 30 for* E M0,

g(x) = 3¡ for ¿êMj

with 3¡ and Sq such that 2 eSk = 1, where S¿ = ä0 + • • • + ak (k < / - 1)

and lk = Sq + • • • + 3¡ + • • • + ak (k > /).

To prove (5.4) suppose Pq — 0. Because of p ¥= 8XX... there must be an M¡

with p(M¡) > 0. Choose in (5.6) U¡ > a¡ and ä0 < a0. Then P(g) = 0

= P(g) = A^ + w(g) < A^ + /x(f), a contradiction to (4.7). Hence (5.4) is

valid.
To prove (5.5) choose in (5.6) a¡ < a¡ and ä~Q > a0. By the definition of sk

one has

CO 00

(5.7) exp(a(. - a¡) 2 eSk = exp(aQ - a0) 2 e1".
k=i k=i

Because of p(g) < P(g) - h^ — P(g) - A^ = /x(g) one has

(5.8 ) Pi 3¡ + p0 30 < w(. a, + p0 a0.

(5.7) and (5.8) imply

f»,
(5.9) >

Mo     x + log(l - ¿) - log(l - bex)

where x = ff0 - a0 and ô = 21=0 e'* (then 1 - be* = 2f=; e1*)-
By (5.2) for every e with 0 < e < 1 - b one can choose 5Q such that
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0 < ôg - a0 < logo"   (this guarantees the existence of an 3¡ satisfying

2 e1k = 1) and that the right-hand side of (5.9) is greater than 2*=/ e¡k ~ s

= 1 — b — e. Letting e tend to zero one gets (5.5).

Summing (5.5) for / = 0, 1, ..., N one has

(5.10) 1 > 2 M, > N 2   2 eSk.
,=0 ,=0 *=»

Because of 2 (k + \)eSk = oo the right-hand side of (5.10) tends to +oo (N

-* oo), a contradiction. This proves the theorem.

Finally, the author would like to thank K. Sigmund for encouragement and

valuable advice.
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